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Abstract

Box & Draper[1] reported ¯ve m-factor D-optimal minimum-point second

order designs for m = 2; : : : ; 5. The m coordinates of each of the n design

points lie in the interval [¡1; 1]. This paper describes a method of construct-

ing these designs and compares new designs with those of Box & Draper.
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1 Introduction

A second-order response surface ¯tted for an experimental design with n runs and

m explanatory variables may be written as:

yi = ¯0 +
mX

j=1

¯jxij +
mX

j=1

mX

j0=j

¯jj0xijxij0 + ei (1)

where i = 1; : : : ; n; y is the response variable; and the m x's are scaled predic-

tor variables. The minimum-point second order design problem can be formulated

as being to ¯nd n design points (xi1; : : : ; xim); i = 1; : : : ; n such that: (i) the

coordinates of each design point lie in the interval [¡1; 1]; (ii) n equals the num-

ber of parameters in the model, i.e. (m + 1)(m + 2)=2; and (iii) jX 0X j should

take its maximum value where X is the n £ n matrix whose ith row is x0i =

(1; xi1; : : : ; xim; x
2
i1; xi1xi2; : : : ; xi;m¡1xim) (see Box & Draper[1], hereafter B&D.)

The following example describes a possible use of a minimum-point second-order

design. In chocolate manufacture, conching converts the re¯ned powdery ingredient

mix into a suspension with the characteristic °ow and °avour properties of choco-

late. Over time, shear forces and heat combine to coat the suspended particles in

fat and to release and develop essential °avours. Problems faced by the chocolate
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manufacturer include minimizing the (costly) cocoa butter addition, reducing pro-

cessing time and assessing new equipment while still maintaining product quality.

A second-order design might be required to study the e®ects of four factors on the

chocolate quality indices. These factors are (i) conching time (10-20 hours), (ii)

mixing temperature (600-800C), (iii) mixing speed (100-500 RPM) and (iv) cocoa

butter addition (25%-40%). While no restriction is put on the number of levels of

each of the mentioned factors, the company aims to have the optimization results

within one month during which a total of 15 runs could be completed.

2 Method of construction

A cyclic-coordinate exchange algorithm (CCEA) was used to construct the required

designs. In a sense this algorithm is a hybrid of the adjustment algorithm (AA) of

Donev & Atkinson[2] and the CCEA of Meyer & Nachtsheim[5]. The new CCEA

starts with a non-singular D-optimal starting design D with points in f¡1; 0; 1gm.

This design can be constructed by any of the conventional D-optimal design ex-

change algorithms (see Nguyen & Miller[6]). The new CCEA then follows the fol-

lowing steps:

1. For each row i of D, pick a coordinate xij; (j = 1; : : : ;m) at random and

perturb this coordinate by an amount ¾. Calculate M = X 0X + ²I; jM j and

M¡1 where ² is a very small positive number say 1.0e-5. Note that the choice of n

perturbations is empirically based and the the purpose of adding ²I to X 0X is to

avoid possible singularity caused by these perturbations.

2. Pick a coordinate xij; (i = 1; : : : ; n; j = 1; : : : ;m) at random among the nm

coordinates of D.

3. Remove the ith row x0i from X . Update jM j and M¡1 by the formula:

jM ¡ xix0ij = jM j(1¡ x0iM¡1xi); (2)

(M ¡ xix0i)¡1 = M¡1 + uiu
0
i=(1¡ x0iui) (3)

where ui = M¡1xi (see Equations 3.3 and 3.4 of Nguyen & Miller[6]).

4. Reinstate the deleted ith row x0i of X with the coordinate xij replaced by a

value which circles from ¡1 to +1 in with step length ¾. Let x¤ij be a value which

gives the biggest increase in x0iM
¡1xi where x0i is now the reinstated row with xij

replaced by x¤ij. Update jM j and M¡1 by the formula:

jM + xix
0
ij = jM j(1 + x0iM

¡1xi); (4)

(M + xix
0
i)
¡1 = M¡1 ¡ uiu0i=(1 + x0iui) (5)
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where ui = M¡1xi (see Equations 3.1 and 3.2 of Nguyen & Miller[6]).

Steps 2-4 are repeated until the number of coordinates is exhausted and no

further improvement in jM j is found. In these steps, ¾ is ¯rst set at 1 and then at

0.1 and ¯nally at 0.01. From our experience, there is no further gain in decreasing

¾ further.

5. Remove the e®ect of ² in step 1 by recalculating jX 0X j
The ¯ve steps of the above CCEA correspond to a single try. Several tries are

made for each (m;n) combination and the try which corresponds to the highest

jX 0Xj will be chosen.

Remark:

1. Both the AA and the CCEA of Meyer & Nachtsheim[5] use a di®erent starting

design for each try. The new CCEA uses the same starting design for all the tries.

This approach saves time as we only have to construct the starting design once.

Note that there is a resemblance of this approach and the approach used in Nguyen

& Williams[7] where di®erent row-column designs are constructed from a single

incomple block design by shu²ing the treaments in each block of this block design.

2. With the AA, the candidate set for each coordinate xij of D is fxij ¡ ¾; xij +

¾g. With the CCEA, the candidate set for each coordinate xij of D is f¡1;¡1 +

¾; : : : ;¡¾; 0; ¾; : : : ; 1¡ ¾; 1g.
3. While the new CCEA works with all the n points, the one of Meyer &

Nachtsheim[5] only works with k (k < n) points which has the minimum x0iM
¡1xi.

While this practice saves some computer time, there is a substantial risk that their

CCEA misses the best design.

4. While steps 3 and 4 in the new CCEA are separate steps, they are combined

into single step in the one of Meyer & Nachtsheim[5]. Basically, they attempted to

replace simultaneously row x0i with another one with the coordinate xij replaced by

x¤ij. The update of jM j, unlike (2) and (4) requires more calculation (see Equations

3.5-3.9 of Nguyen & Miller[6]).

Table 1: Standardized jX 0Xj for various designs, 2 ∙ m ∙ 5

m n Box & Dubova & Donev & Nguyen

Draper Federov Atkinson

2 6 5.74e-3 5.72e-3 5.74e-3 5.74e-3

3 10 1.85e-4 1.85e-4 1.85e-4 1.85e-4

4 15 3.89e-7 3.37e-6 2.94e-6 3.45e-6

5 21 3.39e-11 - 8.46e-8 1.15e-7
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3 Discussion

Table 1 presents the standardized jX 0X j (= jX 0Xj=np) for minimum point second-

order designs for m = 2; : : : ; 5 of B&D, Dubova & Federov[3], Donev & Atkinson[2]

and new ones.

The new designs for m=2 and m=3 have a pattern similar to the corresponding

ones of B&D. The new design for m=4 have a pattern similar to the corresponding

one of Dubova & Federov[3] (see Table 2 of B&D) except that the values of of

the coordinates which are di®erent form ¡1 or +1, i.e. (®; ¯; °; ±; ²) are set at

(¡0:22;¡0:27;¡0:63; 0:04;¡0:04). Note that there was a misprint in Table 2 of

B&D. The ¯rst coordinate of the ¯rst factor in this Table should be 1 instead of ¡1.

If both ± and ² are set to 0, the maximum number of levels for each factor of this

design (with the standardized jX 0Xj equal to 3.44e-6) will be reduced from ¯ve to

four. This is actually the design recommended for the experiment discussed in the

Introduction. Table 2 gives the new design for m=5.

Table 2

Design for m=5y

x1 x2 x3 x4 x5

-1 -1 -1 -1 -1

-1 1 1 1 1

1 -1 1 1 1

1 1 -1 1 1

1 1 1 -1 1

1 1 1 1 -1

1 1 -1 -1 -1

1 -1 1 -1 -1

1 -1 -1 -1 1

-1 1 -1 1 -1

-1 1 -1 -1 1

-1 -1 1 1 -1

-1 -1 1 -1 1

-1 -1 -1 1 1

® -® -1 1 -1

1 -1 -® ® -1

-¯ 1 ¯ -1 -1

-1 ¯ 1 -¯ -1

° -1 1 ° ±

-1 -° -° 1 ±

-1 1 1 -1 -²

y(®;¯; °; ±; ²)=(0.31,

0.14,0.01,0.06,0.17)

Each factor of the new designs in Table 1 has at most ¯ve levels. Note that the
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standardized jX 0Xj for the corresponding D-optimal minimum-point second order

designs in f¡1; 0; 1gm for m = 2; : : : ; 5 are 5.49e-3, 1.33e-4 , 2.67e-6 and 7.89e-8.

Hence, if there is no restriction to three level for each factor, the new designs in

Table 1 are highly recommended.

As an additional note, the new CCEA improves jX 0X j of seven out of 17 designs

(and matches jX 0X j of the remaining designs) in Table 1 of Donev & Atkinson[2].

The standardized jX 0X j of designs for (m;n)=(3,14),(3,16), (3,20), (4,15), (4,24),

(5,21) and (5,26) in this table are 4.531e-4, 4.136e-4, 4.650e-4, 2.941e-6, 1.340e-5,

8.465e-8, 2.283e-7. The ones of the corresponding designs constructed by the new

CCEA are 4.553e-4, 4.162e-4, 4.670e-4, 3.454e-6, 1.352e-5, 1.1474e-7 and 2.324e-7.

In this paper, minimum-point second-order designs have been constructed in or-

der to illustrate the performance of the new CCEA. However, this CCEA should

work with any practical values of m and n. The use of this CCEA in constructing

large designs of the cyclic family such as cyclic incomplete block designs and Alpha

designs will be discussed elsewhere (see John & Williams[4] Chapters 3-4 for the dis-

cussion of these types of designs). The byte code of the Java program implementing

the CCEA discussed in this paper is available free of cost from the author.
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